We discuss recent experimental and theoretical investigations of quantum dynamics in periodically kicked chaotic systems. These investigations are centred on a modified version of the classic -kicked rotor, as realized using laser-cooled caesium atoms. Dramatic phenomena, principally quantum accelerator modes, have been observed and these have inspired novel theoretical approaches to quantum chaos. The latter work has, in turn, prompted further experiments and the combined experimental and theoretical effort continues to lead to exciting advances in this field.
Advances in nonlinear science over the past half-century have brought to light an amazing richness of dynamical behaviour in classical mechanics. Despite this, the implications of nonlinearity for quantum systems were left neglected for many years after the development of quantum mechanics. As the nonlinear dynamics field progressed, however, the question of the behaviour of classically chaotic systems in the quantum regime naturally arose. This gave birth to the field of Quantum Chaos (or ''Quantum Chaology''). Research in this field has found important applications in Atomic, Molecular, Solid State and Nuclear Physics, and more recently in Quantum Optics.
Abstract models have played an important role in the development of this field. These models are special dynamical systems which, on the one hand, display some of the fundamental properties in an especially clean form and, on the other, afford simplification of the theoretical analysis, as compared to realistic systems. This simplification comes at the price of abstractness, for, when direct mechanical counterparts are contrived for these systems, they typically look rather artificial. The Chirikov-Taylor map is a famous example [1, 2] . This discrete-time dynamical system is defined by iterated application of the area-preserving map
where N denotes the time, I; are the action-angle coordinates and k; ! are parameters whose value determines the dynamics. This formally simple map sometimes appears in the study of certain Hamiltonian systems as a result of local mathematical approximations. The Hamiltonian system that directly embodies this map is the Kicked Rotor (KR) model. It is a planar rotor subject to external periodic driving in the form of extremely short, -function pulses. In appropriate units, it is described by the Hamiltonian:
where I is the angular momentum of the rotor, is the angular coordinate, and k; ! are parameters specifying the strength of the kicks and the period between kicks, respectively. Integration of the Hamilton equations from immediately after one kick to immediately after the next yields the map (1), which therefore describes the stroboscopic evolution of the rotor at the discrete times given by the kick counter. The KR displays the full complexity of generic Hamiltonian systems, which turn from integrable to chaotic as an external parameter is varied [2] . Due to this paradigmatic aspect it is one of the most widely studied models in nonlinear science, and it was the first abstract classical model to be quantized [3] . The stroboscopic evolution of the state vector of the quantum rotor from immediately after the Nth kick to immediately after the ðN þ 1Þth kick is described by
This quantum version of the KR has proven to be as important as the classical one. It brought to light the new quantum phenomenon of dynamical localization [4] , which bears a deep similarity to the Anderson localization of solid state physics [5] . The study of this phenomenon in the KR model then led to the theoretical prediction of the dynamical localization effect in physically important systems such as microwave-driven hydrogen and hydro-gen-like atoms, where the effect was subsequently observed in laboratory experiments [6] [7] [8] .
The KR model has thus been a highly successful theoretical construct, in spite of the fact that the mechanical system it models was not particularly interesting in itself. However, an experimental realization of that very system was recently obtained using techniques of cold atom optics [9, 10] , thus turning the originally abstract KR model into one that could be directly examined in the laboratory. In this type of experiment, an example of which (used in Oxford, see Refs. [11, 12] ) is shown schematically in Fig. 1 , a sample of cold atoms is produced using a magneto-optic trap and molasses-cooling. These atoms are then exposed to short pulses of an optical standing wave slightly detuned from an internal atomic transition (which is the D1 transition in caesium, in the case of the Oxford experiments to be described below). If no other external force acts on the atom then, in the limit of very short and intense pulses, the centre-of-mass motion of the atoms is described by the following Hamiltonian:
whereX X andP P are the position and the momentum along the direction of the standing wave. For theoretical convenience, momentum is measured in units of h G (where 2=G is the spatial period of the standing wave intensity, and hence of the potential experienced by the atoms), position in units of G À1 ; and energy and time in units of ðh GÞ 2 =m and m=h G 2 ; respectively, where m is the atomic mass. Hence Ài½X X;P P ¼ 1 is the value of the reduced Planck constant. The parameters k; ! are related to physical parameters by
where is the Rabi frequency of the atoms at the intensity maxima of the light field, T is the time period of the light pulses, whose duration is t p ; and L is the light's detuning from the internal transition. The model (5) is formally similar to (2), the sole difference being that the position X is not an angle; atoms move in a line, whereas rotors move in a circle. This difference is irrelevant on the classical level, because the kicking potential is spatially periodic. Hence, if the orbit of an atom which moves according to (5) is wound around the unit circle, the orbit of a rotor is obtained; this moves according to (2) . In quantum mechanics, however, each winding round involves a nontrivial (i.e., not an integer multiple of 2) change in the phase of the de Broglie wave of an atom, so the connection between the models (5) and (2) is less trivial. This is accounted for by the Bloch theory of motion in a spatially periodic potential. According to that theory, the quasimomentum of an atom subject to spatially periodic kicks is conserved in time. In the present units, is the fractional part of the momentum P: This familiar conservation law in solid state physics may be understood in optical terms by picturing the interaction of an atomic de Broglie wave with the light pulses as diffraction at a phase grating. Since the interaction with light is only for a short time, the light diffracts the matter wave into a set of discrete diffraction orders with momenta separated by h G: Thus it does not change the fractional part of the momentum, as measured in units of h G: Fixing the quasimomentum of an atom forces its wavefunction to have the Bloch form ðXÞ ¼ e
ÀiX ðXÞ
where ðXÞ is a periodic function of period 2: As such, it depends only on the angle X modð2Þ; so it may be thought of as the wavefunction of a fictitious rotor. As evolves under the Hamiltonian (5), evolves under the Hamiltonian
whereÎ I is the rotor's angular momentum. Since an atomic wave packet is a continuous superposition of Bloch waves with different ; the dynamics of an atom is not equivalent to that of a single rotor (2) . Rather, it corresponds to that of a whole bundle of different -rotors which evolve independently of one another, under their respective Hamiltonians (6) . Due to the presence of ; the latter Hamiltonians are not the same as the traditional KR's Hamiltonian (2) (which cannot have a non-integer angular momentum) and the ensuing dynamics are not strictly the same as those of the KR. Some of the dynamical properties which are known for the KR, corresponding to ¼ 0 in Eq. (6), do nevertheless survive at any 6 ¼ 0; and hence also in the atomic dynamics. The most important among these properties is dynamical localization. According to the KR theory and supporting numerical evidence, whenever ! Fig. 1 . Schematic diagram of the experimental arrangement used to investigate the -kicked rotor and accelerator systems in Oxford. Caesium atoms are trapped and cooled in a magneto-optic trap (MOT) using lowintensity light that is near-resonant to the D2 transition. Kicks from a spatially periodic potential are applied using pulses of the vertical standing wave of higher-intensity light, red-detuned from the D1 transition. The resulting momentum distribution is measured using a time of flight (TOF) technique, as the atoms fall through a sheet of on-resonant D2 light. The crystal phase modulator allows the atoms to experience different accelerations relative to the standing wave, so as to vary or remove (thus realising the -kicked rotor) the effect of gravity on the dynamics.
is not a rational fraction of 4 the rotor eventually stops absorbing energy from the driving, and settles in a momentum distribution that is exponential on average [4] . If k! > 1; this is at stark variance with the unbounded diffusion in momentum that takes place in the classical limit [2] . This effect survives at 6 ¼ 0; so it persists in the atomic dynamics, where it has been experimentally observed [9] . These experiments were a striking demonstration that, in important respects, cold atoms could indeed be used as a realization of the KR model. However, the significance of such experiments has gone well beyond the the mere confirmation of a well-understood theory. An experimental realization is almost always non-ideal in some respect, as compared with the theoretical model. Hence the ways in which the real system departs from the model, and the magnitude of the ensuing effects, deepen our understanding of the important parameters that determine the system's evolution. Sometimes the effect of an apparently small modification to the theoretical ideal can have dramatic and important consequences, producing previously unknown phenomena. A first obvious difference between the experiments and the ideal KR model has already been highlighted: atoms are not rotors, and hence the KR Hamiltonian, as given in Eq. (2), does not truly describe the experiments. Though not really crucial for the localization effect, this seemingly trivial difference strongly affects the quantum resonances [13, 14] , which are another noteworthy characteristic of the quantum KR model. They consist of enhanced transport, which is theoretically expected whenever ! ¼ 4p=q; with p; q integers. Equivalently, this behaviour occurs whenever T ¼ 2T 1=2 p=q; where T 1=2 ¼ 2m=h G 2 and T T ¼ 2T 1=2 are termed the half-Talbot and Talbot times, respectively, because of the similarity of the de Broglie wave evolution in this phenomenon to the Talbot effect in optics [17] . Only for special values of do the dynamics (6) exhibit such resonances, and this fact combines in subtle ways with certain experimental limitations to produce quite surprising results when decoherence is added by inducing spontaneous emission [15, 16] through application of nearresonant, low intensity light to the atoms. Further nontrivial theoretical analysis [9, 18, 19] was necessitated by the finite duration of the kicking pulses, another departure of the experimental realisation from the ideal theoretical model. The most dramatic consequences of the differences between a real system and the ideal KR model were observed in experiments at Oxford. These were performed in a regime close to the quantum resonances and revealed surprising phenomena due to an apparently insignificant modification, as will now be discussed.
The experimental setup in Oxford, as depicted in Fig. 1 , differed in one critical respect from previous realizations of the -kicked rotor [9, 10] : the kicking potential was oriented parallel to the Earth's gravitational acceleration. Hence the atoms would fall freely between consecutive kicks under the effect of gravity. In other words, a potential which changed linearly along the standing wave used for the kicking was added to the typical KR configuration. Although in the Oxford experiments this was the gravitational potential, it would also be possible to create a 'virtual' potential by accelerating the standing wave relative to the atoms using acousto-optic or crystal phase
and g is the gravitational acceleration. This system was dubbed the '-kicked accelerator' [20] . It has presented opportunities for surprising discoveries in both the experimental and theoretical realms. Perhaps the most important of these has been the observation of what has been termed a quantum accelerator mode [11, 12, 20] , found for a range of kicking periods close to the quantum resonance value in the KR [13, 14] . This strange effect involves a certain fraction of the atoms receiving a constant amount of momentum from each light pulse so that an acceleration is produced. This is different from the gravitational acceleration and, surprisingly, may even be directed upwards. Figure 2 shows the experimental momentum distributions of a cloud of cold caesium atoms, in the atomic ensemble's falling frame, as the pulse number is varied when the kicking period T is 60:5 ms: It is clear that as the pulse number increases part of the momentum distribution splits off and moves away from the main peak near zero momentum (relative to that of free falling atoms). Note that this main peak includes atoms in the periphery of the magneto-optic trap which experienced a low light intensity and hence a driving potential of negligible strength. Remarkably, the size and shape of the accelerated peak remain basically unchanged as light pulses continue to be applied. For this particular set of data the probability that Fig. 2 . Experimentally measured momentum distributions in the freely falling frame as pulses of the periodic potential are applied in the -kicked accelerator system. The pulse period T ¼ 60:5 ms; so that ! ¼ 1:81; and the mean value of k experienced by the atoms is 0:8: The linear dependence of the momentum attained by the quantum accelerator mode on the pulse number is clearly visible. Note that gravity acts in the negative momentum direction.
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an atom remains in the accelerator mode between consecutive kicks is over 99%. This is in marked contrast to the main peak, which becomes more diffuse as the number of pulses increases. A consequence of this high efficiency is the ability to impart large amounts of momentum. Typically, the average momentum change between kicks of atoms in the accelerator mode is of the order of two photon recoils. In the experiment whose results are shown in Fig. 2 , more than one hundred photon recoils of momentum had been transferred to the accelerated atoms by the time that 75 pulses had been applied. As will be seen shortly, the time interval between kicks plays a critical role in the process underlying the accelerator modes. In particular, the values of the kicking period T; and hence the quantity !; at which the primary quantum resonances of the -kicked rotor occur are extremely important. Figure 3 shows a plot of the momentum distribution (as a function of !) of a cloud of 5 mK caesium atoms after they have been exposed to 30 kicks from the light. The importance of ! in setting both the magnitude and direction of the accelerator mode can be clearly seen. A change of only a few percent in ! about the lowest quantum resonance value of 2; for example, reverses the direction of the acceleration. This sensitivity to the pulsing time period could be utilized as a convenient way of manipulating atoms, thus producing a variety of types of atom optics.
The initial conditions of the atoms that can be accelerated constitute another important property of the accelerator modes. It has been shown experimentally [21] that the initial momenta of the accelerated atoms have a comb-like structure in momentum space, and that the atoms must be periodically localized (i.e., have a spatial comb distribution) in order to be accelerated. This feature has applications in preparing atoms with well defined initial conditions for possible experiments on quantum chaos [21] .
The theoretical analysis of the dynamics giving rise to quantum accelerator modes is clearly of interest due to the peculiar nature of the phenomenon. Constant acceleration of a nonlinear system by an external periodic driving is sometimes observed in classical mechanics, due to the presence of so-called classical accelerator modes [2] . These give rise to 'directed transport', which in turn is a typical feature of Hamiltonian ratchets [22] . The classical KR model itself exhibits accelerator modes in certain parameter ranges; however, the phenomenon observed in Oxford has no counterpart in the classical mechanics corresponding to Eq. (5). This makes it all the more remarkable, as will now be described. Its theoretical explanation demanded a new approach to the question of dynamics in the near-resonant regime of a kicked quantum, and classically chaotic, system [23] .
The addition of the term X X=! destroys the spatial periodicity of the Hamiltonian except when is a rational number. 1 Thus the direct application of the Bloch theory is no longer possible, preventing the reduction of the atomic dynamics to the dynamics of rotors, which is the keystone of the theory in the absence of gravity. This difficulty is circumvented by a gauge transformation, which amounts to measuring momentum in a freely falling frame. This leads to a Hamiltonian which is periodic in space, though not in time. Hence the quasimomentum is constant in time, allowing reduction to -rotor dynamics. Being interested in the dynamics for values of ! close to 2' with ' an integer, one writes
, where " is small. After straightforward, exact calculations [23] , the evolution of the -rotors from immediately after the Nth kick to immediately after the ðN þ 1Þth kick takes the form (3), with the following changes in Eq. (4): k has to be replaced byk k kj"j; h has to be replaced by j"j; and so, recalling that the reduced Planck constant has a value of 1 in the present units,Î I has to be replaced byM M ¼Î Ij"j: Finally,K KðÎ IÞ has to be replaced bŷ
The key result of these manipulations is that j"j now plays the same formal role as that played by h in Eq. (3). Thus the small-" asymptotics of the dynamics is formally a quasiclassical asymptotics, where h is replaced by j"j: In other words, as " ! 0 the quantum -rotor dynamics are better and better described in terms of a 'ray dynamics', the rays being trajectories of a formally classical dynamical system. This system emerges in the limit " ! 0 from the quantum equations of motion, in the same way as the map (1) emerges from Eq. (3) in the limit h ! 0: This system was termed '"-classical' in Ref. [23] . It is described by a time-dependent, area-preserving map in the variables M; :
This map has accelerator orbits. Certain orbits of the map receive a constant nonzero increment of their momentum M from any p iterations of the map; p is a characteristic integer associated with the orbit, and is termed the order of the orbit. Along such an orbit the physical momentum I ¼ M=j"j (relative to that of free falling particles) increases (or decreases) linearly with the pulse number N; on average. If such orbits are stable, then they are surrounded by islands of finite size in the phase space; these also accelerate as a whole and hence are called 'transporting islands' [24] or 'accelerator modes'. They one-to-one correspond to the stable periodic orbits of the timeindependent map on the 2-torus:
and the order p of a mode is just the period of the corresponding periodic orbit. The latter orbit also has a jumping index j; given by the number of times it winds around the torus in the J direction before repeating itself. Accelerator modes may therefore be classified by the two integers ðp; jÞ: According to standard quasiclassical wisdom, if the stable islands associated with the dynamics (7) have a large area compared to the 'Planck constant' j"j then they may trap some of the quantum rotor's wave packet. This would give rise to long-lived quantum accelerator modes, which eventually decay due to tunnelling out of the islands. Such "-quasiclassical modes could then easily be found by plotting phase-space portraits of the map (8) in various parameter ranges. The previously observed accelerator modes [11, 12, 20] have all been shown to correspond to islands centred on period-1 fixed points in phase space. This was a validation of this novel theoretical approach, and also gave confidence as to the model's predictive power. Phase portraits revealed that as the value ! ¼ 2l is approached on either side, the map generates higher-period stable orbits as well. This immediately led to the expectation that quantum accelerator modes corresponding to this high-order structure could be observed. Analysis of the map (8) shows that the higher the order of a mode, the lower its acceleration [23] . Hence, experimentally, larger numbers of kicks are required in order to transfer sufficient momentum to the atoms in the accelerator mode so as to be able to unambiguously observe the mode by its separation in momentum from the unaccelerated atoms. This is even more critical in the case of high-order modes than in the previous investigations because the population of these high-order modes is expected to be smaller than that of the low-order modes, since the size of the stable islands in "-classical phase space decreases as the order increases. Thus the islands of the highorder modes encompass a smaller area than do those of the period-1 modes, and so a smaller fraction of the initial ensemble of atoms is selected to enter the mode.
As described earlier, quantum accelerator modes are observed for small values of "; i.e., for values of ! close to those which correspond to quantum resonances in the kicked rotor. To observe the high-order modes, the experimental system was evolved for up to 150 kicks in the vicinity of the three lowest observable KR quantum resonance values, i.e., ! ¼ 2; 4 and 6 (corresponding to T ¼ T 1=2 ; T T ; and 3T 1=2 ; respectively). The experimentally measured momentum distributions are shown in Figs. 4 and 5, with the high-order modes clearly visible. The "-classical model yielded the result that the momentum state P of a particle (with initial momentum P 0 ) in the "-classical ðp; jÞ accelerator mode after N kicks is given by
where ¼ ! ¼ gGT 2 : At fixed N; Eq. (9) defines a curve in the ð!; PÞ plot, where the population is enhanced by the ðp; jÞ mode. It is clear that the agreement between the measured momenta of the high-order modes and the predictions of the "-classical model is excellent. 2 This agreement is yet further confirmation of the utility of this approach in the analysis of the quantum version of a classically chaotic system within certain close-to-resonant parameter regimes. The experimental results constitute the first observation of high-order resonant behaviour in a quantum chaotic system. Of particular note is the fact that the resonances are robust, and persist experimentally up to long times. This may be understood in terms of the "- classical picture, in which they correspond to the islands of stability in phase space.
The experimental observation of such phenomena is of practical interest, as well as having a bearing on the direction of future theoretical work in this field. The practical applications arise because there is large and efficient momentum transfer to the atoms. This could be used for atom optics, either as a manipulation technique for lithography or a beam-splitter for interferometry. The latter is particularly relevant in this case because it can be observed in Figs. 4 and 5 that there are numerous values of ! for which there are coexisting modes in which momentum is simultaneously transferred to two groups of atoms in opposite directions. Accelerator modes have already been shown to maintain the internal coherence of the accelerating atoms, using a variation of the Ramsey separated oscillatory field technique [25] . In these experiments, interference between internal atomic states was observed after application of light pulses to create an accelerator mode [26] . This suggests that creation of a coherent beam-splitter is a feasible objective. Furthermore, two coexisting quantum accelerator modes correspond to two coexisting island chains in the "-classical phase space. This raises the fascinating possibility that tunnelling between the two island chains could be observed. In practice, this would correspond to tunnelling of atoms between the accelerator modes, and might lead to the identification of a new form of dynamical tunnelling [27, 28] (in "-classical, rather than classical, phase space) and even a type of chaos-assisted tunnelling [29, 30] . The experimental observation of the accelerator modes, and especially the high-order ones, also guides the future direction of theoretical work in the field. Returning to Fig. 5 , it can be seen that the high-order mode structure is relatively complex, and this is not yet fully understood. What is it that determines which modes appear, and which do not? As " decreases, so that ! is closer to one of the low-order quantum resonances in the kicked rotor, progressively higher-order accelerator modes appear. Does this continue indefinitely, or are the modes created tending towards some limit? How is this behaviour affected by variations in k and ? More fundamentally, how general, and useful, is the "-classical approach in the analysis of the quantum versions of classically chaotic systems? Does its success define a new signature of quantum stability and, by extension, chaos? Is it a new approach to the issue of quantum-classical correspondence in a chaotic context? These are all questions which the continuing theoretical-experimental symbiosis is well-placed to address and answer.
